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Abstract

In this paper, we derive the uniform convergence of approximating tensor-product rational Bézier sur-
faces using tensor-product Bézier surfaces. Our main result is that arbitrary given order derivative vectors of
approximating tensor-product Bézier surface sequence converge uniformly to those of the original tensor-
product rational Bézier surface as the elevated degree tends to infinity, with inequality skills and infinites-
imal analysis techniques. The approximating tensor-product Bézier surface sequence has the same degree
and new control points of the degree-elevated tensor-product rational Bézier surfaces.
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1. Introduction

Rational Bézier curves and surfaces, the generalization of Bézier curves and surfaces, may
express conical and free curves and surfaces in unified forms. So these rational curves and sur-
faces have a large modelling domain in computer aided geometric design (CAGD). However,
it is often difficult to obtain their integral and differential information. Thus some applications
require to transform rational Bézier curves and surfaces into polynomial representations [1,4,6].

Many authors have studied the algorithms for approximating polynomial functions to ratio-
nal functions. Sederberg and Kakimoto [12] first put forward the algorithm for approximating
polynomial curves to rational polynomial curves in 1991. Since its introduction, some related
works, such as finding its convergence condition [13], estimating bound of the moving control
point [16] and seeking the convergence condition for hybrid polynomial approximation to higher
derivatives of rational curves [14,3], have emerged in succession. In order to overcome the fussy
expression and unguaranteed convergence of the Hybrid algorithm, a rational Bézier curve was
approximated by Bézier curves with control points obtained by successive degree elevation in [7].
Many other methods can also be found in [5,2,10,11,9,8].

However, the guaranteed convergence algorithm of polynomial approximation to tensor-
product rational Bézier surfaces remains unaddressed. In geometric design, we use surface mod-
els far more frequently than curve models, and tensor-product rational Bézier surfaces offer a
variety of applications for their easy deformations. Therefore, we need to improve it. Enlight-
ened by [7], this paper proves the uniform convergence of approximating the arbitrary derivative
vectors of the tensor-product Bézier surface sequence to the same order derivative vectors of
the approximated tensor-product rational Bézier surface. The polynomial surface sequence is
constructed as follows. First, the degree of the original tensor-product rational Bézier surface is
elevated, then a tensor-product Bézier surface sequence is produced, with the same degree and
new control points of the degree-elevated rational surface.

The rest of the paper is organized as follows. Section 2 introduces our main result that the
sequence of derivatives with any given order of the tensor-product Bézier surface converges uni-
formly to that of the original rational surface. To facilitate the proof of the result, Section 3
presents some related properties of the tensor-product rational Bézier surfaces. In Section 4 the
proof of our main result is provided and some conclusions are made in Section 5.

2. Main result
Definition 1. Given (m + 1) x (n + 1) point vectors Ri"/" = (xlml”, ylmj’”, z ") in R3 space, a
parametric surface [15]

n

m
> X B'"wB}(w; "R

i=0j=0 n

pr— ;>O (u,v) €D (D
Z Z i w) B} (0w

S(u, v) = Sp,0(u, v) =

’ l

is defined as an m x n tensor—product rational Bézier surface in a rectangle domain D =
[0, 1] ® [0, 1], where, B"(u) and B;’ (v) are the Bernstein polynomials of degree m, n. RZ’}”

m,n

and w, i are control points and the corresponding weights, respectively.

For convenience, define r}' ] =w J"er."}n. After elevating once in the u-direction of rational

Bézier surfaces, it is found that {w;";rl " {r;"]'.H’"} and {R;";r]’"} have the following recursive
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formulae:
m+1,n i m,n m+1-—i m,n,
Wij = Wi T =1 Wi @
g m+1 ' m+1 g
m+1ln i m,n m+1— irmJl. 3)
i,j m+1 i—1,j m+1 L’
m+1,n . m,n oy L
S I = W A Y, @)
i T mila I
w;'; i wl._l,j—l—(m—i—l i) w;

In equalities (2)—(4), if i < O ori > m + 1, the corresponding terms {wff;“]’”}, {r?ffl’"} and

{Rl’.";rl’"} do not exist, or they are regarded as zero.
Analogously, {w;."jinJrl % {r:."}n+l} and {R;"]’."H} have the formulae after elevating once in the
v-direction:

m,n+1 __ ] m,n n+1 _j m,n,

b Con+ 1w"’j7] n+1 Wi )
m,n+1 .] m,n n+1 _j m,n.,

i = L™ L (6)

n+1 n+1
m,n+1 . m,n . m,n

L S ¥ o Bk et ¥ %

b wi e w A ek =)

In equalities (5)-(7), {wZL]’.'hLl 1 {r:'fj’."ﬂ} and {RZ’]’."H} do not exist or they are regarded as zero
on condition that j <QOor j > n+ 1.

Now we construct a tensor-product Bézier surface sequence to approximate the tensor-product
rational Bézier surface. Firstly, we continuously elevate the degree of surface (1) to m + k1 in the
u-direction and n + kj in the v-direction (k1, ko = 1, 2, .. .), so that the following tensor-product

rational Bézier surfaces of degree (m + k1) x (n + k») are obtained.

m+ky n+ko
Z Z Bim+k1 (M)B?+k2(v)w?f;kl’n+k2RZ1j+kl’n+k2
i=0 j=0
S(u, v) = Sk, k, (1, v) = ,
mikindke otk +k +hi,ntk
> Y BT )BT (wyw) T
J L]
i=0 j=0
R;’r,z;—kl,n—i-kz — <xl{4)1j—§—k1,n+k2’ ;"n].—Q—kl,n—i-kz’ZTj—'l—kl,n-l-kz)’ (u,v) € D. (8)

Secondly, we construct a tensor-product Bézier surface Ty, r, (#, v) of degree m + kj in the

u-direction and degree n + kj in the v-direction, which has new control points R:.";rk' k2 That

is,

m+ky n+ko . ' . N
m+ n+ m+ky,n+
Tiy o, v) = D Y B @) By )R]
i=0 j=0

Finally, we get the main result as follows.

Theorem 1. Given nonnegative integers b and c, b order partial derivatives in the u-direction
and ¢ — b order partial derivatives in the v-direction, of the surface sequence {Ty, i, (u, v)}
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defined in the rectangular domain D = [0, 1]® [0, 1], converge uniformly to those of the original
rational Bézier surface S(u, v). That is,

aCTkl,kQ(ua U) BCS(u, U)
dubdve=b dubve=>b’

ki —> oocand kp — o0, (u,v) €D, Vb e [0,c]. (9)

The proof of this theorem will be provided in Section 4. Before the proof, we would introduce
some basic properties for tensor-product rational Bézier surfaces.

3. Related properties for tensor-product rational Bézier surfaces

Lemma 1. Suppose {w "} are defined by Definition 1. max; ]{w "} does not increase as m

and n increase, and mm, j{w "} does not decrease as m and n increase. So there exist real
numbers w and W0 < w < W) such that

O<w< w;'fj’-" < W. (10)

It comes directly from formulae (2) and (5) as degree-elevated weights are convex combina-
tions of weights of degree m x n.

Lemma 2. Let leJrkl MR and wm+k' "K2 e the control points and weights of tensor-product
rational Bézier surfaces (8). Then for any given nonnegative integers | and [y, it is valid that
(ki = oo and ky — o0)

max
0<i<m-+k|
0<j<n+ky

Alzz All w;’l’lj+k1,n+k2

1
([(m + ki) (n + k)] th )

max
0<i<m+k|
0<j<n+ky

Alz All Rm—_i—kl n+ky

1
<[(m kD + kz)]ll+lz>

where Alzz All represents the two-dimensional forward difference. For sequence {u)m+k' "+k2}

the differences are defined recursively as

Al wm+k1,n+k2 _ wm+k1,n+k2 _ wl"VLTHq,I’l+k2

1%i,j — Ti+l,j i,j ’
A2 mj+k1,n+k2 — A% w;}:jlf/l.,nJrkz Al m+k1,n+k27 L
Az m+k1,n+k2 — wT;rJ’I_cll,nJrkz _ wzzj+kprt+k2,
A2 :nj+k1,n+k2 — Aé wzt]tﬁ,n+k2 Az wm+k1 n+k2’ o

and the forward differences of {Rm's_k1 n+k2} work the same way.

Proof. Only the first equality in the lemma will be proved, and the second could be proved in the
same way. According to (2) and (5), the recursive formulae are found by mathematical induction:

L oAl mtk+lntks i Lol mtkntko
Ay Ay w; = Ay Ajw;
m+ky+1

Wt+k1+1—11—lz—iAzzA11 metky ks
m—+k +1 27T
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Alz All wm+k1 n+ky+1 — J Alz All wm+k1 n+ko
2 =1 7i,j n+ky+1 2 =1 7i,j—1
n+k+1-Lh—-h—j Al Al kLt

n+ky+1 27T
Then, we have
(m+ k) +ky — 1) (n+ky — Iy — D+ 1) - | A% Al w0t
=m+k)m+ki—1)---(m+ki—L1—L+1

A Al k=l Al — D= ek =Lk
281 Wil 2 21 Wi
m ~+ kq m+ ki

<m+4+ki—Dm+ki—=2)---(m+k — 11 —1p)
max ‘Alz All m+k1 1,n+ky
0<i<m+k; -1
0<j<n+ky
< =G +hL =121 max |AF Al w2
0<i<l|+lp i.j
0<j<n+ky

Similarly, we have

n+k)n+ks—1)--(nthky—1 —l +1) - ‘AZZAII li+l2.ntk

=m+k)nt+k—1)---n+kr—L—-05h+1
J Lol L+bntk—1  BErk—=li—b—7j 1 1 L +hntk—1
n+ ky Ay Ay w5 + n+ ko Ay A wy s

Smt+hk-Dn+k—=2)---(n+ky—1 — D)
max ‘Azz A 11+zz n4ky— 1‘
O<i<ly+ly
0<j<ntky—1
<<+ +h—1)--2-1- max |AZ Al gl F2ht)
0<i<l|+lp o]
0<j=<ly+lp

Therefore, it is found that
[(m+kD)m 4k — D)= (m+ ki — 1] — L+ 1)]
A0+ )0+ Ko = 1o (Ko — Iy — B D] a5 Al w e

<M+ D)+ =217 max A7 A w200
02/2111+122

11+lz I+ .

Here, /1 and [, are constants independent of k1 and k». Alz All is a linear combination

of {w "} defined in Definition 1, and by Lemma 1 we know that {w "} are bounded. Therefore,
there ex1sts a positive number E such that
[((m+k)m+k—1---(m+ki—lL —h+1)]
A+ k)n+ky =1 (n+ky =11 =+ 1)]
max Alz A m+k1 el < g,
0<i<m+kq

0<j<n+ky

It follows that Lemma 2 is true. O
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Lemma 3. After elevating ki order in the u-direction and ky order in the v-direction of m X n
degree tensor-product Bézier surface, the following equality could be acquired:

m n o m+ky n+ky [ ki kp . m+k1—i
Y BT = 1353 PP aHIEhE

e | (ml—:l]q)(n ;:2]@) i=0 j=0 Li;=0 =0
Itk = j\pmn gt ) gt
'(jl)( ko — ji )Rl —i1,j— J]:| (W)B; " (v).

Proof. The elevation procedure could be seen as first elevating k; order in the u-direction, and
then elevating k; order in the v-direction. Only the elevation in the u-direction will be proved, and
the elevation in the v-direction may be deduced analogously with the symmetry of tensor-product

Bézier surfaces.
The induction for k; is used. When k; = 1 we have

S BB wRY

i=0 j=0
m+1 n
=m+1 ZZ[ R A 1—0) R’””].B;"“(M)B;(v)
i=0 j=
m+1 n m+ 1 ; |
— - m,n m+ n
l <m+1> Z;Z;)[Z)( )( 1—i )Ri—"h-/]B" ) Bj (v),
i=0 j=0Li;=

this means that the lemma is valid for k; = 1.
Now assume that the conclusion is true for k1, i.e.

m n
S s
i=0 j=0

m+k; n

B (m +k1) 12(; ]Z(:)LX:(u)anT Iilld_i)le it 1] m+kl(”)Bn(v)'
k1

After elevating once in the u-direction, we find that

m n 1 m+ki+1 n ky ; 1
m n mn __ . —
2D BB R = mtky\ e HZ< i )
) i=0 =0
ki

i=0j=0 (m + ki + 1)(

1

> ()

.(’”“‘1 +_1_‘)R'?“? } + (m+k +1—i)[

ki — 11 i—ii—1,j =
'(mkj:flil R } B % ) Bl (v)
1 m+ki+1 n rki+1 . Mtk +1—i e
= (m+k1+1 2;)[2;)(1) ( k41— iy )RTZJBM " (W) B (v).
i=0 j=0i=
ki +1 )
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Consequently the validity of the lemma is proved for k; + 1, thus completing the proof of
Lemma3. 0O

Similarly, a generalization of Vandermonde’s identity is obtained by induction:

Lemma 4. For arbitrary positive integers hy, hy, m1, ma, ni, ny, it satisfies
hy h
B IO )=
par o AR hy—=i/\ j J\hy —j hi ha

Lemma 5. For an arbitrary real number c;| j, i,, j,» positive integers ay, by, az, by and u, v € D,
there is the inequality:

ap a 2
[Z >y Z Cir.jroin. 2 By () B (v)BZZ(@ij(v)}

= 0]1—012 0 j»=0

aj a
ai b a by
= Z > Z Civjrinp) By (0 BJ ) B () B (v).
i1=0 j1=0i,=0 j,=0
Proof. For u, v € D, construct a quadratic function

a

aj
b b
fx) =x? +2x E E § E :Cllsjl i, J2Biall(“)lel(v)Biazz(u)szz(v)
i1= Oj]_Olz 0 jo=0

by a

+ Z Z Z Z c,l Jnsia, jz Ba] (”)B (U)Baz(u)Bbz(v)

11—0]1 012—0]2 0

ay ay
b b,
- Z Z Z Z X+ iy i, ,2) B{! (w)B}' (v)Bi2(u)B2(v), Vx € R,

i1=0 j1=0i2=0 j,=0

and f(x) > 0 (Vx € R) because of the nonnegativity of Bernstein basis functions. So its
discriminant satisfies

al a 2
b b
D303)3) sERIREUE LA
i1=0 ji= 012—012
aj az

= Z > Z Cirjrizn) BE @) BY (v) B2 ) B (v) <0,

i1=0 j1=0i>=0 j,=0

which gives the result of the lemma. [

Theorem 2. For a given sequence {g; ;}, arbitrary integers d, e, c1, c2, nonnegative integers
ay,bi(ai+d >0,by1+e >0)and u,v € D, we find that

a; by ay+dbi+e b 4 b
Fav) =3 % >0 D |8 = gieriitel B B ) B @) B (v)
i1=0 j1=0 i2=0 j,=0

< max{max | A; g j|, max | A, g; ;l}
ijoij ij

b
x[,/“‘ . ‘+J§(|d|+|e|+|c1+c2|)].
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Proof. For computational convenience, let i; 4+ c1 > i2, j1 + ¢2 > jo, then

}gi1+c‘1,j1+€z - gi2,j2’
= |(gi1+c1,j1+cz - gi1+c1—1,j1+c2) + (gi1+€1—17j1+c‘2 - gi1+c‘1—27j1+€2) +oee
+ (8ir+1jiter — 8iniji+er) T (8injrter = 8inui+er—1) + (8inuji+er—1
- gi2~j1+C2—2) +o Tt (gi2»12+1 - giz,j2)|

< 11+ 1) + (1 + €2) = (i2 + jo) | max{max »max |2, i}
SO
a; by aj+dbi+e
|F(u,v)| < max{max max|A2g,J| Z Z Z Z|(l] + Jj1)
i1=0 j1=0 =0 jr=
b
+(e1 + c2) — (2 + j2)| B ) B ) B () B (v).
Take

a; by aj+dbi+e

Fru,v) = D0 D0 3 Y M+ ) + (1 +c2) — (i + o)

i1=0 j1=0 i»=0 =0
x Bal (L{)Bbl (U)Ba1+d(u)Bb1+e(U)
i Ji iz 2 ’
and applying Lemma 5 it is found that
a; by ay+dbi+e

[Fran]? <353 S+ )+ (e +e2) = G2 + )]

i1=0 j1=0 i,=0 j,=0
ai by aj+d b1+e
X Bil (u)Bj1 (v)Bl.2 (u)Bj2 (v)

aj+d bi+e

a; b
=YY @+ 0Bl B ) + ) Z(zz + /) B ) BN (v)
i1=0 j1=0 i2=0 jo=
aj b]

+(er+ e +20ci+e) Y Y i+ i) B @B (v) — 21 + )
i1=0 j;=0

ay+d bi+e a; by aj+dbi+e

Y G+ B wB w2 Y ) Z(n + 1)

ir=0 j»=0 i1=0 j1=0 i=0 j»=0
. . b d bi+e
(2 + jo)Bf' ) B} () B T () BT (v).

According to the identities:

ay by ay b
> ZiB;“(u)Bfl(v) = au: > ZijBi“l(u)Bfl () = a1byuv;

i=0 j=0 i=0 j=0

aj b| b a) b

> > B! w)B}' (v) = byv; > ZzzBa' W)B]' (v) = ai(a) — Du® + ayu;
i=0 j=0 i=0 j=0

ai
ZZ]ZBul(u)Bbl () = by (b — Dv® + byv,

i=0 j=0

75
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therefore
[F*(u, v)]
<ai(a; — Du® + aju + by (by — Dv? + byv + 2a1bjuv + (¢1 + ¢2)* + (a1 + d)
a1 +d—Du + (a1 + du + (b1 + e)(b1 + e — D> + (b1 + €)v + 2(a) +d)
- (b1 + e)uv + 2(c1 + c2)(aru + biv) — 2(c1 + ¢2)[(a1 + d)u + (b1 + €)v]
—2ay(ay + d)u® — 2a; (by + e)uv — 2by (a1 + d)uv — 2b; (by + €)v>
= Qay + dyu(l — u) + (2b1 + )v(1 — v) + [(du + ev) — (c1 + c2)]

1
=< Z[(2a1 +2b1) + 1d| + lel] + (1d]| + le| + |c1 + ca])?.

Furthermore,
|d] + |e] 2 2
+ (d| + le] + lc1 + c2)” < 2(1d] + le| + |e1 + 27,
o}
ar+b
[F*@, 0] < ==L 42(1d| + le| + le1 + c2)?

+b 2
< [,/‘“Tl +V2(d| + le] + |1 +c2|>} .

From all the analyses, we know that Theorem 2 is true. [

Theorem 3. For u, v € D, arbitrary integers d, e and nonnegative integers ai, by, hy, ha(ay +
d>0,b1+e>0,[d| + el + |c1 + c2l + hy + ha < a1 + by), it is valid that

aj+d by+e

aj
2 Z B OB @) 30D g B @B @)

i1=0 j;=0 i»=0 jp=0
a1 hlb] h h h
o _
- Z Zfngerq jer BT ) BY T (v)
Jj=
< (h1 + hp) max |g; ;| - max{max | A, f; j|, max | A f; |}
i,j 2y L] LJ

H(u, v)| =

+ max |f; ;| - max{max | A; g ;| max| A, g; ;]
L] 1] [2%) L]

b
[ Il . ! +\/§(|d|+|e|+|c1+cz|+h1+h2):|.

Proof. Denote H(u, v) = Hj(u,v) — Ha(u, v). By Lemma 3, elevating h; order in the u-
direction and %, order in the v-direction of H (u, v) gives

Ho(u,v) = GZIZ] Zl Z(’l)(/?ll__ii)(j;)
(h1><h ) =0 0[11—0,1

by —j b
: (h2 B jl)fiil,jjlgii1+c1,jj1+c2:|B;Z1 w)B;' (v).
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Combining with Lemma 4 and the identity ) /. Z'}zo B"(u)B(v) = 1, H(u, v) could be
expressed as

ap by aj+dbite
H(u, v) =
"B REEEE.

b d b
‘(fil,jlgiz,jg _le —i3,j1—j38i1—i3+c1, i 13+c2)Bul(u)B I(U)Bal+ (U)B 1+L( )

£ S8 S

<h1>(h ){”_O“ 0270 A0

by — ji b d b
’ (h2 _ §3)i| (fil’jl - fil—i3,j1—j3)gi2,j2 Bia,l ("‘)lel (U)BZH— (M)szl+e(v)

S @]

13= 0]3 =0

a; by aj+dbi+e

1995353531} 35 (AT T [Filaa] e

i1=0 j1=0 i»=0 jr,=0"i3=
a b ay+d bi1+e
: (giz,jz - gi]—i3+c1,j|—j3+cz)Bill (“)lel(v)Bizl (M)szl (v)}

Furthermore, by Lemma 4 and the inequality

o= (G =G I/ 1G] =

a; by ay+dbi+te

H(u, v)| < o {Z Z Z Z |(Fiy s — fiy—isjo—s) 8in.a | Ba1(u)Bb1(v)

0<j3<hy 11=0j1=0 ir=0 jr=

fl1+d(u)Bb'1+e

)IDIDISIL

i1—i3, j1—J3 (giz,jz

0<iz<hy

{ a; by ay+dbj+e
0<j3<hy ~i1=0j1=0i2=0 j>=0

(v)} + max

— 8i1—iz+cr.ji —j3+62)

ap by ay+d bi+e
B{ (u) B} (v) B " ) B (v)}
= Gi(u,v) + Ga2(u, v).

Similar to the deduction of g; ; in Theorem 2, it is found that

nill
£}

ifil»jl _fil—i3a.il_j3| = |i3 +j3| 'max{ 1a.
L] L]

< (h1 + h2) - max{ma
1] L]
SO

Gi(u,v) = (y + ha) max]g, | - max{ma f]) ay
L] L] L]
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By Theorem 2 we have

Jlb

i, ma
[ay +b
[ al—zl+ﬁ(|d|+|e|+|c1+cz|+h1+hz)] (12)

From (11) and (12) it follows that Theorem 3 is true. [

G2(u, v) < max|f; ;| max{ma
LJ 2¥) LJ

4. The proof of the main result

By Lemma 3 in [17] and Lemma 1, to prove (9) we only need to show that

m+ky n+ky . ‘ . . m+ky n+ko '
m+kj n-+ky m+ky,n+ky m+k
e 5 m o 5 S
duP v | 4 J J
= i=0 j=
m+ky n+ky
B;l+k2(v)wzll"f‘kl»”+k2 _ Z Z Bl~m+k1 (M)B;sz (U)w:’:l;‘klsn+k2
i=0 j=0

'Rm+kl ,n+ka

" :| =0, k; — ocoandk, — o0. (13)

The following derivative formula could be obtained by induction:

m+ky n+ko
Z Z Bm+k1 (M)Bn+k2(v)wm+k| n+k2Rm+k| n+k2:|

bcb[
du’dv = =

k) (n + ko)! ’”*f“*’”i” T
Ttk -b atkh-cth)! o L T !

~B;’+k2_c+b(v) Agfb Ab( :m/+kl n+szrn+k1 n+k2) (14)

Furthermore, the Leibniz formula gives the identity as follows:

CP) Kby e —by dIC 9e=ip
dubgveb Z Z ( )(; —l)auiavj—i dub gy biti 3)

Thus, substituting (14) and (15) into (13) and together with the Lemma 1 in [17], we know that
to prove (13) it is enough to show that: when k; — oo and k» — oo,

b
> (0)Askr it v)

=0

AN R ey (m + ky)! (n + ko)!
=Z<S>{ZS<t_5>(m+k1—b+s)!(n+k2—c+b+t—s)!

t

©

m—+ky—b+s n+ky—c+b+t—s
m—+ky—b+s
Z Bi 1 (u)

i1=0 Jj1=0

o (mAkp)! (n 4+ kp)!
m+ki—s)(n+ky—1t+s)!
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m—+ky—s n+ky—t+s
~Bn+k2 —c+b+1— s( )Ac b—t+s Ab sRm-l-k] n+ky Z Z Bm+k1 S

J1 11,J1 ' 0
ir= J2=
) Bn+k2 l+s( )At s AS mkyntky (m +ky)! (n + k2)!
J2 Wiy, jo (m+k1—b)‘(n+k2—c+b)!

m~+ky—b n+ky—c+b

> Z Bm+k1 (u )Bn+k2 c+b( )Z( )

c—b—t Ab—s pm+ki,n+tk; t As . mtky,ntky
(A5 ATTURY )(AZAlwi+b—s,j+c—h—t)}:>0'

After rearranging,

Ag k) ko (U, V)

_C_Zh(c_b) (m + k)! (n + k) (m+k)!__(n+ k)
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c—b
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Bil ()
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n+k2 —c+b+t c—b—t Ab—s m+k1 n+ko m+ky—s n+ky—t
B ag RS S S et g

=0  j»=0
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t ASs ., mtki,n+ky m+k;— n+ky—c+
S Dy Ajwg, - Z Z B; () B; @)
i=0 j=0
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(AT ATTTRY ) (85 A wi+bs,j+cbt):|

=By i) 1, (, V) + Cy gy &, (u, V).

Now we only need to show that Ag ¢, ,(u, v)(s = 0,1, ..., b) converges uniformly to zero
in the rectangular domain D when k| — oo and kp — oo.

Condition A: considering the convergence of By «, ,(u, v)(s = 0,1,...,b), and seeing
about the polynomial

1k k)—(c_b)[ O + ko)t (n +ko)! (m + k!
P m+ki—b+s)n+kry—c+b+0)! (m+k —s)!
(n+ ky)! (m + ky)! (n + ky)! ]

Mtk —1) (m+ki—b)(n+ky—c+b)]
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(1) flki, k2) =0whens =0and t =0, s0 [By t, x, (1, v)| = 0.
(2) f(ky, kp) is a polynomial in m + k; with degree b — 1 when b = ¢ (¢t = 0), then

): kz(u V)|

<Z|f(k1 k2)|max)N bt pbs R
t=0

= O<m-|1—k1)0((n +1k2)c>, k1 — oo and ky — oo.

k k
maX’At AS w m+1n+z

(3) Otherwise, f (k1, k2) is either a polynomial in m + k| with degree b and n + k, with degree
c—b—1,s0

By ey er (12, V)|

—
—b—t Ab— ky.n-tk
EZlf(kl,kz)II?%x)Ag b tAll’ sRZz;r 1tk

max ‘At A w m+k‘ ntky

1 1
:0((m+k1)c_b)0<(n+k2)b+1>’ k; — oo and kp — oo.

Or f(k1, kp) is a polynomial in m + k; with degree b — 1 and n + k> with degree ¢ — b, so
By ey s (12, V)|

3 —b—t nb—s pmtkintk
SZ|f(k1,k2)|rril2}x)A§ b tAlly sRlV",lj-'i-ln—&-z

maX ‘Al‘ AS‘ m+k1 n—+ky

1 1
= 0<(m+k1)c—h+1)0((n+k2)b), k1 — oo and kp — o0.

To sum up, we know that By ¢, 1, (u, v)(s = 0,1, ..., b) converges uniformly to zero in the
rectangular domain D when k; — oo and k; — oo.

Condition B: considering the convergence of Cs , r,(u, v)(s =0, 1,...,b).

c—b
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Here,

c—b

(c_b) (m + ky)! (k) ey (mtk)! (n + ka)!
t

= (m+k—b)! (n4+ky—c+b)! (m+ki—b)l (n+ky—c+b)!

is a polynomial in m + k; with degree b and n + k, with degree ¢ — b. Then, by combining with
Theorem 3, we have (k; — o0 and k, — 00)

|C k1 ko (1, V)|
| |
< 20—b (m + ky)! (n + k2)! max{(s 1) max ‘At AS m+k1 n+ky
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- max { max
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2 o

I

- 0((m +k1)"_b+1>0((n+112)b+1>0|:(m + ki +n +k2)1/2].

max{max ‘At AH—l lmj+k1,n+k2
L]

ky itk
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Therefore, Cs k, ., (4, v)(s = 0, 1, ..., b) converges uniformly to zero in the rectangular domain
D when k; — oo and kp — o0.
Together with Conditions A and B, it is found that A ¢, x, (4, v)(s = 0, 1, ..., b) converges

uniformly to zero in the rectangular domain D when k1 — oo and k; — oo.
5. Conclusions

In this paper, our attention is focused on the proof of the uniform convergence of approxi-
mating tensor-product rational Bézier surfaces using a tensor-product Bézier surface sequence.
From the result we find that the geometric position deviation with some norm metrics, between
the geometric graph sequence {Ty, k, (4, v)} and the original tensor-product rational Bézier sur-
face S(u, v), could be arbitrarily small when k; and k; tend to infinity synchronously.

We only consider the uniform convergence property of the approximating algorithm. In prac-
tice, the convergence rate is also of interest to most users. So, as for our future work, we will
consider the speed of convergence for rational Bézier curves and surfaces as the polynomial
degree increases.

Acknowledgments

The authors thank the anonymous referees for their valuable suggestions and comments.
Huixia Xu and Aimin Xu’s work was supported in part by the National Natural Science Founda-
tion of China (Grants Nos. 61303144, and 11201430), and the Ningbo Natural Science Founda-
tion (Grant No. 2013A610096).



82 H. Xu et al. / Journal of Approximation Theory 182 (2014) 68-82

Renfang Wang’s work was partially supported by the National Natural Science Foundation of
China (Grant No. 61073074), the Project of Science and Technology Plan for Zhejiang Province
(Grant No. 2012C21004) and the Ningbo Natural Science Foundation (Grant No. 2013A610111).

Zhenyu Shu’s work was also supported by the National Natural Science Foundation of
China (Grant No. 11226328), the Natural Science Foundation of Zhejiang Province (Grant No.
LY13F020018), and the Ningbo Natural Science Foundation (Grant No. 2012A610068).

References

[1] L. Bardis, N.M. Patrikalakis, Approximate conversion of rational B-spline patches, Comput. Aided Geom. Design
6 (3) (1989) 189-204.
[2] H.J. Cai, G.J. Wang, Constrained approximation of rational Bézier curves based on a matrix expression of its end
points continuity condition, Comput. Aided Design 42 (6) (2010) 495-504.
[3] J. Chen, G.J. Wang, Hybrid polynomial approximation to higher derivatives of rational curves, J. Comput. Appl.
Math. 235 (17) (2011) 4925-4936.
[4] W.L.E. Degen, High accurate rational approximation of parametric curves, Comput. Aided Geom. Design 10 (3—4)
(1993) 293-313.
[5] M.S. Floater, High order approximation of rational curves by polynomial curves, Comput. Aided Geom. Design 23
(8) (2006) 621-628.
[6] M. Goldapp, Approximation of circular arcs by cubic polynomials, Comput. Aided Geom. Design 8 (3) (1991)
227-238.
[7]1 Y.D. Huang, H.M. Su, H.W. Lin, A simple method for approximating rational Bézier curve using Bézier curves,
Comput. Aided Geom. Design 25 (8) (2008) 697-699.
[8] Q.Q. Hu, H.X. Xu, Constrained polynomial approximation of rational Bézier curves using reparameterization,
J. Comput. Appl. Math. 249 (2013) 133-143.
[9] S. Lewanowicz, P. WoZny, P. Keller, Polynomial approximation of rational Bézier curves with constraints, Numer.
Algorithms 59 (4) (2012) 607-622.
[10] L.Z. Lu, Weighted progressive iteration approximation and convergence analysis, Comput. Aided Geom. Design
27 (2) (2010) 129-137.
[11] L.Z. Lu, Sample-based polynomial approximation of rational Bézier curves, J. Comput. Appl. Math. 235 (6) (2011)
1557-1563.
[12] T.W. Sederberg, M. Kakimoto, Approximating rational curves using polynomial curves, in: NURBS for Curve and

Surface Design, SIAM, Philadelphia, PA, 1991, pp. 144-158.

[13] G.J. Wang, T.W. Sederberg, F.L. Chen, On the convergence of polynomial approximation of rational functions,
J. Approx. Theory 89 (3) (1997) 267-288.

[14] G.J. Wang, C.L. Tai, On the convergence of hybrid polynomial approximation to higher derivatives of rational
curves, J. Comput. Appl. Math. 214 (1) (2008) 163-174.

[15] G.J. Wang, G.Z. Wang, J.M. Zheng, Computer Aided Geometric Design, China Higher Education Press, Springer-
Verlag Press, Beijing, Heidelberg, 2001 (in Chinese).

[16] G.Z. Wang, J.M. Zheng, Bounds on the moving control points of hybrid curves, CVGIP, Graph. Models Image
Process. 59 (1) (1997) 19-25.

[17] H.X. Xu, G.J. Wang, New algorithm of polynomial triangular B-B surfaces approximation to rational triangular
B-B surfaces, J. Inform. Com. 7 (3) (2010) 725-738.


http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref1
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref2
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref3
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref4
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref5
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref6
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref7
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref8
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref9
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref10
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref11
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref12
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref13
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref14
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref15
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref16
http://refhub.elsevier.com/S0021-9045(14)00039-2/sbref17

	On the convergence of approximating tensor-product rational Bezier surfaces using tensor-product Bezier surfaces
	Introduction
	Main result
	Related properties for tensor-product rational Bezier surfaces
	The proof of the main result
	Conclusions
	Acknowledgments
	References


