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1. Introduction

Rational Bézier curves and surfaces, the generalization of Bézier curves and surfaces, may
express conical and free curves and surfaces in unified forms. So these rational curves and sur-
faces have a large modelling domain in computer aided geometric design (CAGD). However,
it is often difficult to obtain their integral and differential information. Thus some applications
require to transform rational Bézier curves and surfaces into polynomial representations [1,4,6].

Many authors have studied the algorithms for approximating polynomial functions to ratio-
nal functions. Sederberg and Kakimoto [12] first put forward the algorithm for approximating
polynomial curves to rational polynomial curves in 1991. Since its introduction, some related
works, such as finding its convergence condition [13], estimating bound of the moving control
point [16] and seeking the convergence condition for hybrid polynomial approximation to higher
derivatives of rational curves [14,3], have emerged in succession. In order to overcome the fussy
expression and unguaranteed convergence of the Hybrid algorithm, a rational Bézier curve was
approximated by Bézier curves with control points obtained by successive degree elevation in [7].
Many other methods can also be found in [5,2,10,11,9,8].

However, the guaranteed convergence algorithm of polynomial approximation to tensor-
product rational Bézier surfaces remains unaddressed. In geometric design, we use surface mod-
els far more frequently than curve models, and tensor-product rational Bézier surfaces offer a
variety of applications for their easy deformations. Therefore, we need to improve it. Enlight-
ened by [7], this paper proves the uniform convergence of approximating the arbitrary derivative
vectors of the tensor-product Bézier surface sequence to the same order derivative vectors of
the approximated tensor-product rational Bézier surface. The polynomial surface sequence is
constructed as follows. First, the degree of the original tensor-product rational Bézier surface is
elevated, then a tensor-product Bézier surface sequence is produced, with the same degree and
new control points of the degree-elevated rational surface.

The rest of the paper is organized as follows. Section 2 introduces our main result that the
sequence of derivatives with any given order of the tensor-product Bézier surface converges uni-
formly to that of the original rational surface. To facilitate the proof of the result, Section 3
presents some related properties of the tensor-product rational Bézier surfaces. In Section 4 the
proof of our main result is provided and some conclusions are made in Section 5.

2. Main result

Definition 1. Given (m + 1) × (n + 1) point vectors Rm,n
i, j =


xm,n

i, j , ym,n
i, j , zm,n

i, j


in R3 space, a

parametric surface [15]

S(u, v) = S0,0(u, v) =

m
i=0

n
j=0

Bm
i (u)Bn

j (v)w
m,n
i, j Rm,n

i, j

m
i=0

n
j=0

Bm
i (u)Bn

j (v)w
m,n
i, j

, w
m,n
i, j > 0, (u, v) ∈ D (1)

is defined as an m × n tensor-product rational Bézier surface in a rectangle domain D =

[0, 1] ⊗ [0, 1], where, Bm
i (u) and Bn

j (v) are the Bernstein polynomials of degree m, n. Rm,n
i, j

and w
m,n
i, j are control points and the corresponding weights, respectively.

For convenience, define rm,n
i, j = w

m,n
i, j Rm,n

i, j . After elevating once in the u-direction of rational

Bézier surfaces, it is found that {w
m+1,n
i, j }, {rm+1,n

i, j } and {Rm+1,n
i, j } have the following recursive
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formulae:

w
m+1,n
i, j =

i

m + 1
w

m,n
i−1, j +

m + 1 − i

m + 1
w

m,n
i, j ; (2)

rm+1,n
i, j =

i

m + 1
rm,n

i−1, j +
m + 1 − i

m + 1
rm,n

i, j ; (3)

Rm+1,n
i, j =

rm+1,n
i, j

w
m+1,n
i, j

=
i · rm,n

i−1, j + (m + 1 − i) · rm,n
i, j

i · w
m,n
i−1, j + (m + 1 − i) · w

m,n
i, j

. (4)

In equalities (2)–(4), if i < 0 or i > m + 1, the corresponding terms {w
m+1,n
i, j }, {rm+1,n

i, j } and

{Rm+1,n
i, j } do not exist, or they are regarded as zero.

Analogously, {w
m,n+1
i, j }, {rm,n+1

i, j } and {Rm,n+1
i, j } have the formulae after elevating once in the

v-direction:

w
m,n+1
i, j =

j

n + 1
w

m,n
i, j−1 +

n + 1 − j

n + 1
w

m,n
i, j ; (5)

rm,n+1
i, j =

j

n + 1
rm,n

i, j−1 +
n + 1 − j

n + 1
rm,n

i, j ; (6)

Rm,n+1
i, j =

rm,n+1
i, j

w
m,n+1
i, j

=
j · rm,n

i, j−1 + (n + 1 − j) · rm,n
i, j

j · w
m,n
i, j−1 + (n + 1 − j) · w

m,n
i, j

. (7)

In equalities (5)–(7), {w
m,n+1
i, j }, {rm,n+1

i, j } and {Rm,n+1
i, j } do not exist or they are regarded as zero

on condition that j < 0 or j > n + 1.
Now we construct a tensor-product Bézier surface sequence to approximate the tensor-product

rational Bézier surface. Firstly, we continuously elevate the degree of surface (1) to m + k1 in the
u-direction and n + k2 in the v-direction (k1, k2 = 1, 2, . . .), so that the following tensor-product
rational Bézier surfaces of degree (m + k1) × (n + k2) are obtained.

S(u, v) = Sk1,k2(u, v) =

m+k1
i=0

n+k2
j=0

Bm+k1
i (u)Bn+k2

j (v)w
m+k1,n+k2
i, j Rm+k1,n+k2

i, j

m+k1
i=0

n+k2
j=0

Bm+k1
i (u)Bn+k2

j (v)w
m+k1,n+k2
i, j

,

Rm+k1,n+k2
i, j =


xm+k1,n+k2

i, j , ym+k1,n+k2
i, j , zm+k1,n+k2

i, j


, (u, v) ∈ D. (8)

Secondly, we construct a tensor-product Bézier surface Tk1,k2(u, v) of degree m + k1 in the
u-direction and degree n + k2 in the v-direction, which has new control points Rm+k1,n+k2

i, j . That
is,

Tk1,k2(u, v) =

m+k1
i=0

n+k2
j=0

Bm+k1
i (u)Bn+k2

j (v)Rm+k1,n+k2
i, j .

Finally, we get the main result as follows.

Theorem 1. Given nonnegative integers b and c, b order partial derivatives in the u-direction
and c − b order partial derivatives in the v-direction, of the surface sequence {Tk1,k2(u, v)}
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defined in the rectangular domain D = [0, 1]⊗[0, 1], converge uniformly to those of the original
rational Bézier surface S(u, v). That is,

∂cTk1,k2(u, v)

∂ub∂vc−b H⇒
∂cS(u, v)

∂ub∂vc−b , k1 → ∞ and k2 → ∞, (u, v) ∈ D, ∀b ∈ [0, c]. (9)

The proof of this theorem will be provided in Section 4. Before the proof, we would introduce
some basic properties for tensor-product rational Bézier surfaces.

3. Related properties for tensor-product rational Bézier surfaces

Lemma 1. Suppose {w
m,n
i, j } are defined by Definition 1. maxi, j {w

m,n
i, j } does not increase as m

and n increase, and mini, j {w
m,n
i, j } does not decrease as m and n increase. So there exist real

numbers w and W (0 < w ≤ W ) such that

0 < w ≤ w
m,n
i, j ≤ W. (10)

It comes directly from formulae (2) and (5) as degree-elevated weights are convex combina-
tions of weights of degree m × n.

Lemma 2. Let Rm+k1,n+k2
i, j and w

m+k1,n+k2
i, j be the control points and weights of tensor-product

rational Bézier surfaces (8). Then, for any given nonnegative integers l1 and l2, it is valid that
(k1 → ∞ and k2 → ∞)

max
0≤i≤m+k1
0≤ j≤n+k2

△l2
2 △

l1
1 w

m+k1,n+k2
i, j

 = O
 1
[(m + k1)(n + k2)]l1+l2


,

max
0≤i≤m+k1
0≤ j≤n+k2

△l2
2 △

l1
1 Rm+k1,n+k2

i, j

 = O
 1
[(m + k1)(n + k2)]l1+l2


where △

l2
2 △

l1
1 represents the two-dimensional forward difference. For sequence {w

m+k1,n+k2
i, j },

the differences are defined recursively as

△
1
1 w

m+k1,n+k2
i, j = w

m+k1,n+k2
i+1, j − w

m+k1,n+k2
i, j ,

△
2
1 w

m+k1,n+k2
i, j = △

1
1 w

m+k1,n+k2
i+1, j − △

1
1 w

m+k1,n+k2
i, j , . . . ;

△
1
2 w

m+k1,n+k2
i, j = w

m+k1,n+k2
i, j+1 − w

m+k1,n+k2
i, j ,

△
2
2 w

m+k1,n+k2
i, j = △

1
2 w

m+k1,n+k2
i, j+1 − △

1
2 w

m+k1,n+k2
i, j , . . .

and the forward differences of {Rm+k1,n+k2
i, j } work the same way.

Proof. Only the first equality in the lemma will be proved, and the second could be proved in the
same way. According to (2) and (5), the recursive formulae are found by mathematical induction:

△
l2
2 △

l1
1 w

m+k1+1,n+k2
i, j =

i

m + k1 + 1
△

l2
2 △

l1
1 w

m+k1,n+k2
i−1, j

+
m + k1 + 1 − l1 − l2 − i

m + k1 + 1
△

l2
2 △

l1
1 w

m+k1,n+k2
i, j ,
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△
l2
2 △

l1
1 w

m+k1,n+k2+1
i, j =

j

n + k2 + 1
△

l2
2 △

l1
1 w

m+k1,n+k2
i, j−1

+
n + k2 + 1 − l1 − l2 − j

n + k2 + 1
△

l2
2 △

l1
1 w

m+k1,n+k2
i, j .

Then, we have

(m + k1)(m + k1 − 1) · · · (m + k1 − l1 − l2 + 1) ·

△l2
2 △

l1
1 w

m+k1,n+k2
i, j


= (m + k1)(m + k1 − 1) · · · (m + k1 − l1 − l2 + 1)

·

 i

m + k1
△

l2
2 △

l1
1 w

m+k1−1,n+k2
i−1, j +

m + k1 − l1 − l2 − i

m + k1
△

l2
2 △

l1
1 w

m+k1−1,n+k2
i, j


≤ (m + k1 − 1)(m + k1 − 2) · · · (m + k1 − l1 − l2)

· max
0≤i≤m+k1−1

0≤ j≤n+k2

△l2
2 △

l1
1 w

m+k1−1,n+k2
i, j


≤ · · · ≤ (l1 + l2)(l1 + l2 − 1) · · · 2 · 1 · max

0≤i≤l1+l2
0≤ j≤n+k2

△l2
2 △

l1
1 w

l1+l2,n+k2
i, j

 .
Similarly, we have

(n + k2)(n + k2 − 1) · · · (n + k2 − l1 − l2 + 1) ·

△l2
2 △

l1
1 w

l1+l2,n+k2
i, j


= (n + k2)(n + k2 − 1) · · · (n + k2 − l1 − l2 + 1)

·

 j

n + k2
△

l2
2 △

l1
1 w

l1+l2,n+k2−1
i, j−1 +

n + k2 − l1 − l2 − j

n + k2
△

l2
2 △

l1
1 w

l1+l2,n+k2−1
i, j


≤ (n + k2 − 1)(n + k2 − 2) · · · (n + k2 − l1 − l2)

· max
0≤i≤l1+l2

0≤ j≤n+k2−1

△l2
2 △

l1
1 w

l1+l2,n+k2−1
i, j


≤ · · · ≤ (l1 + l2)(l1 + l2 − 1) · · · 2 · 1 · max

0≤i≤l1+l2
0≤ j≤l1+l2

△l2
2 △

l1
1 w

l1+l2,l1+l2
i, j

 .
Therefore, it is found that

[(m + k1)(m + k1 − 1) · · · (m + k1 − l1 − l2 + 1)]

· [(n + k2)(n + k2 − 1) · · · (n + k2 − l1 − l2 + 1)] ·

△l2
2 △

l1
1 w

m+k1,n+k2
i, j


≤ [(l1 + l2)(l1 + l2 − 1) · · · 2 · 1]

2
· max

0≤i≤l1+l2
0≤ j≤l1+l2

△l2
2 △

l1
1 w

l1+l2,l1+l2
i, j

 .
Here, l1 and l2 are constants independent of k1 and k2. △l2

2 △
l1
1 w

l1+l2,l1+l2
i, j is a linear combination

of {w
m,n
i, j } defined in Definition 1, and by Lemma 1 we know that {w

m,n
i, j } are bounded. Therefore,

there exists a positive number E such that

[(m + k1)(m + k1 − 1) · · · (m + k1 − l1 − l2 + 1)]

· [(n + k2)(n + k2 − 1) · · · (n + k2 − l1 − l2 + 1)]

· max
0≤i≤m+k1
0≤ j≤n+k2

△l2
2 △

l1
1 w

m+k1,n+k2
i, j

 ≤ E .

It follows that Lemma 2 is true. �
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Lemma 3. After elevating k1 order in the u-direction and k2 order in the v-direction of m × n
degree tensor-product Bézier surface, the following equality could be acquired:

m
i=0

n
j=0

Bm
i (u)Bn

j (v)Rm,n
i, j =

1m + k1
k1

n + k2
k2

 m+k1
i=0

n+k2
j=0


k1

i1=0

k2
j1=0

 i
i1

m + k1 − i
k1 − i1



·

 j
j1

n + k2 − j
k2 − j1


Rm,n

i−i1, j− j1


Bm+k1

i (u)Bn+k2
j (v).

Proof. The elevation procedure could be seen as first elevating k1 order in the u-direction, and
then elevating k2 order in the v-direction. Only the elevation in the u-direction will be proved, and
the elevation in the v-direction may be deduced analogously with the symmetry of tensor-product
Bézier surfaces.

The induction for k1 is used. When k1 = 1 we have
m

i=0

n
j=0

Bm
i (u)Bn

j (v)Rm,n
i, j

=
1

m + 1

m+1
i=0

n
j=0


i · Rm,n

i−1, j + (m + 1 − i) · Rm,n
i, j


· Bm+1

i (u)Bn
j (v)

=
1m + 1
1

 m+1
i=0

n
j=0


1

i1=0

 i
i1

m + 1 − i
1 − i1


Rm,n

i−i1, j


· Bm+1

i (u)Bn
j (v),

this means that the lemma is valid for k1 = 1.
Now assume that the conclusion is true for k1, i.e.

m
i=0

n
j=0

Bm
i (u)Bn

j (v)Rm,n
i, j

=
1m + k1
k1

 m+k1
i=0

n
j=0

 k1
i1=0

 i
i1

m + k1 − i
k1 − i1


Rm,n

i−i1, j


Bm+k1

i (u)Bn
j (v).

After elevating once in the u-direction, we find that

m
i=0

n
j=0

Bm
i (u)Bn

j (v)Rm,n
i, j =

1

(m + k1 + 1)
m + k1

k1

 m+k1+1
i=0

n
j=0


i

 k1
i1=0

i − 1
i1



·

m + k1 + 1 − i
k1 − i1


Rm,n

i−i1−1, j


+ (m + k1 + 1 − i)

 k1
i1=0

 i
i1


·

m + k1 − i
k1 − i1


Rm,n

i−i1, j


Bm+k1+1

i (u)Bn
j (v)

=
1m + k1 + 1

k1 + 1

 m+k1+1
i=0

n
j=0

k1+1
i1=0

 i
i1


·

m + k1 + 1 − i
k1 + 1 − i1


Rm,n

i−i1, j


Bm+k1+1

i (u)Bn
j (v).
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Consequently the validity of the lemma is proved for k1 + 1, thus completing the proof of
Lemma 3. �

Similarly, a generalization of Vandermonde’s identity is obtained by induction:

Lemma 4. For arbitrary positive integers h1, h2, m1, m2, n1, n2, it satisfies

h1
i=0

h2
j=0

m1
i

 n1
h1 − i

m2
j

 n2
h2 − j


=

m1 + n1
h1

m2 + n2
h2


.

Lemma 5. For an arbitrary real number ci1, j1,i2, j2 , positive integers a1, b1, a2, b2 and u, v ∈ D,
there is the inequality: a1

i1=0

b1
j1=0

a2
i2=0

b2
j2=0

ci1, j1,i2, j2 Ba1
i1

(u)Bb1
j1

(v)Ba2
i2

(u)Bb2
j2

(v)

2

≤

a1
i1=0

b1
j1=0

a2
i2=0

b2
j2=0


ci1, j1,i2, j2

2 Ba1
i1

(u)Bb1
j1

(v)Ba2
i2

(u)Bb2
j2

(v).

Proof. For u, v ∈ D, construct a quadratic function

f (x) = x2
+ 2x

a1
i1=0

b1
j1=0

a2
i2=0

b2
j2=0

ci1, j1,i2, j2 Ba1
i1

(u)Bb1
j1

(v)Ba2
i2

(u)Bb2
j2

(v)

+

a1
i1=0

b1
j1=0

a2
i2=0

b2
j2=0


ci1, j1,i2, j2

2 Ba1
i1

(u)Bb1
j1

(v)Ba2
i2

(u)Bb2
j2

(v)

=

a1
i1=0

b1
j1=0

a2
i2=0

b2
j2=0


x + ci1, j1,i2, j2

2 Ba1
i1

(u)Bb1
j1

(v)Ba2
i2

(u)Bb2
j2

(v), ∀x ∈ R,

and f (x) ≥ 0 (∀x ∈ R) because of the nonnegativity of Bernstein basis functions. So its
discriminant satisfies

2
a1

i1=0

b1
j1=0

a2
i2=0

b2
j2=0

ci1, j1,i2, j2 Ba1
i1

(u)Bb1
j1

(v)Ba2
i2

(u)Bb2
j2

(v)

2

−4
a1

i1=0

b1
j1=0

a2
i2=0

b2
j2=0


ci1, j1,i2, j2

2 Ba1
i1

(u)Bb1
j1

(v)Ba2
i2

(u)Bb2
j2

(v) ≤ 0,

which gives the result of the lemma. �

Theorem 2. For a given sequence {gi, j }, arbitrary integers d, e, c1, c2, nonnegative integers
a1, b1(a1 + d ≥ 0, b1 + e ≥ 0) and u, v ∈ D, we find that

F(u, v) =

a1
i1=0

b1
j1=0

a1+d
i2=0

b1+e
j2=0

gi2, j2 − gi1+c1, j1+c2

 Ba1
i1

(u)Bb1
j1

(v)Ba1+d
i2

(u)Bb1+e
j2

(v)

≤ max
i, j


max

i, j
| △1 gi, j |, max

i, j
| △2 gi, j |


×


a1 + b1

2
+

√
2

|d| + |e| + |c1 + c2|


.
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Proof. For computational convenience, let i1 + c1 ≥ i2, j1 + c2 ≥ j2, thengi1+c1, j1+c2 − gi2, j2


=

gi1+c1, j1+c2 − gi1+c1−1, j1+c2


+


gi1+c1−1, j1+c2 − gi1+c1−2, j1+c2


+ · · ·

+

gi2+1, j1+c2 − gi2, j1+c2


+


gi2, j1+c2 − gi2, j1+c2−1


+


gi2, j1+c2−1

− gi2, j1+c2−2

+ · · · +


gi2, j2+1 − gi2, j2


≤ |(i1 + j1) + (c1 + c2) − (i2 + j2)| max

i, j


max

i, j

△1 gi, j
 , max

i, j

△2 gi, j
,

so

|F(u, v)| ≤ max
i, j


max

i, j

△1 gi, j
 , max

i, j

△2 gi, j
 a1

i1=0

b1
j1=0

a1+d
i2=0

b1+e
j2=0

(i1 + j1)

+ (c1 + c2) − (i2 + j2)
Ba1

i1
(u)Bb1

j1
(v)Ba1+d

i2
(u)Bb1+e

j2
(v).

Take

F∗(u, v) =

a1
i1=0

b1
j1=0

a1+d
i2=0

b1+e
j2=0

|(i1 + j1) + (c1 + c2) − (i2 + j2)|

× Ba1
i1

(u)Bb1
j1

(v)Ba1+d
i2

(u)Bb1+e
j2

(v),

and applying Lemma 5 it is found that


F∗(u, v)

2
≤

a1
i1=0

b1
j1=0

a1+d
i2=0

b1+e
j2=0


(i1 + j1) + (c1 + c2) − (i2 + j2)

2

× Ba1
i1

(u)Bb1
j1

(v)Ba1+d
i2

(u)Bb1+e
j2

(v)

=

a1
i1=0

b1
j1=0

(i1 + j1)
2 Ba1

i1
(u)Bb1

j1
(v) +

a1+d
i2=0

b1+e
j2=0

(i2 + j2)
2 Ba1+d

i2
(u)Bb1+e

j2
(v)

+ (c1 + c2)
2
+ 2(c1 + c2)

a1
i1=0

b1
j1=0

(i1 + j1)Ba1
i1

(u)Bb1
j1

(v) − 2(c1 + c2)

·

a1+d
i2=0

b1+e
j2=0

(i2 + j2)Ba1+d
i2

(u)Bb1+e
j2

(v) − 2
a1

i1=0

b1
j1=0

a1+d
i2=0

b1+e
j2=0

(i1 + j1)

· (i2 + j2)Ba1
i1

(u)Bb1
j1

(v)Ba1+d
i2

(u)Bb1+e
j2

(v).

According to the identities:

a1
i=0

b1
j=0

i Ba1
i (u)Bb1

j (v) = a1u;

a1
i=0

b1
j=0

i j Ba1
i (u)Bb1

j (v) = a1b1uv;

a1
i=0

b1
j=0

j Ba1
i (u)Bb1

j (v) = b1v;

a1
i=0

b1
j=0

i2 Ba1
i (u)Bb1

j (v) = a1(a1 − 1)u2
+ a1u;

a1
i=0

b1
j=0

j2 Ba1
i (u)Bb1

j (v) = b1(b1 − 1)v2
+ b1v,
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therefore
F∗(u, v)

2

≤ a1(a1 − 1)u2
+ a1u + b1(b1 − 1)v2

+ b1v + 2a1b1uv + (c1 + c2)
2
+ (a1 + d)

· (a1 + d − 1)u2
+ (a1 + d)u + (b1 + e)(b1 + e − 1)v2

+ (b1 + e)v + 2(a1 + d)

· (b1 + e)uv + 2(c1 + c2)(a1u + b1v) − 2(c1 + c2)

(a1 + d)u + (b1 + e)v


− 2a1(a1 + d)u2

− 2a1(b1 + e)uv − 2b1(a1 + d)uv − 2b1(b1 + e)v2

= (2a1 + d)u(1 − u) + (2b1 + e)v(1 − v) +

(du + ev) − (c1 + c2)

2

≤
1
4


(2a1 + 2b1) + |d| + |e|


+ (|d| + |e| + |c1 + c2|)

2.

Furthermore,

|d| + |e|

4
+ (|d| + |e| + |c1 + c2|)

2
≤ 2(|d| + |e| + |c1 + c2|)

2,

so 
F∗(u, v)

2
≤

a1 + b1

2
+ 2(|d| + |e| + |c1 + c2|)

2

≤


a1 + b1

2
+

√
2(|d| + |e| + |c1 + c2|)

2

.

From all the analyses, we know that Theorem 2 is true. �

Theorem 3. For u, v ∈ D, arbitrary integers d, e and nonnegative integers a1, b1, h1, h2(a1 +

d ≥ 0, b1 + e ≥ 0, |d| + |e| + |c1 + c2| + h1 + h2 < a1 + b1), it is valid that

|H(u, v)| =

 a1
i1=0

b1
j1=0

fi1, j1 Ba1
i1

(u)Bb1
j1

(v)

a1+d
i2=0

b1+e
j2=0

gi2, j2 Ba1+d
i2

(u)Bb1+e
j2

(v)

−

a1−h1
i=0

b1−h2
j=0

fi, j gi+c1, j+c2 Ba1−h1
i (u)Bb1−h2

j (v)


≤ (h1 + h2) max

i, j
|gi, j | · max

i, j


max

i, j
| △1 fi, j |, max

i, j
| △2 fi, j |


+ max

i, j
|fi, j | · max

i, j


max

i, j
| △1 gi, j |, max

i, j
| △2 gi, j |


·


a1 + b1

2
+

√
2

|d| + |e| + |c1 + c2| + h1 + h2


.

Proof. Denote H(u, v) = H1(u, v) − H2(u, v). By Lemma 3, elevating h1 order in the u-
direction and h2 order in the v-direction of H2(u, v) gives

H2(u, v) =
1a1

h1

b1
h2

 a1
i=0

b1
j=0

 h1
i1=0

h2
j1=0

 i
i1

 a1 − i
h1 − i1

 j
j1



·

 b1 − j
h2 − j1


fi−i1, j− j1 gi−i1+c1, j− j1+c2


Ba1

i (u)Bb1
j (v).
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Combining with Lemma 4 and the identity
m

i=0
n

j=0 Bm
i (u)Bn

j (v) = 1, H(u, v) could be
expressed as

H(u, v) =
1a1

h1

b1
h2

 a1
i1=0

b1
j1=0

a1+d
i2=0

b1+e
j2=0

 h1
i3=0

h2
j3=0

i1
i3

a1 − i1
h1 − i3

 j1
j3

b1 − j1
h2 − j3



·

fi1, j1 gi2, j2 − fi1−i3, j1− j3 gi1−i3+c1, j1− j3+c2


Ba1

i1
(u)Bb1

j1
(v)Ba1+d

i2
(u)Bb1+e

j2
(v)

=
1a1

h1

b1
h2

 a1
i1=0

b1
j1=0

a1+d
i2=0

b1+e
j2=0

 h1
i3=0

h2
j3=0

i1
i3

a1 − i1
h1 − i3

 j1
j3



·

b1 − j1
h2 − j3


fi1, j1 − fi1−i3, j1− j3


gi2, j2 Ba1

i1
(u)Bb1

j1
(v)Ba1+d

i2
(u)Bb1+e

j2
(v)

+

a1
i1=0

b1
j1=0

a1+d
i2=0

b1+e
j2=0

 h1
i3=0

h2
j3=0

i1
i3

a1 − i1
h1 − i3

 j1
j3

b1 − j1
h2 − j3


fi1−i3, j1− j3

·

gi2, j2 − gi1−i3+c1, j1− j3+c2


Ba1

i1
(u)Bb1

j1
(v)Ba1+d

i2
(u)Bb1+e

j2
(v)


.

Furthermore, by Lemma 4 and the inequality

0 ≤

i1
i3

a1 − i1
h1 − i3

 j1
j3

b1 − j1
h2 − j3

a1
h1

b1
h2


≤ 1,

we have

|H(u, v)| ≤ max
0≤i3≤h1
0≤ j3≤h2

 a1
i1=0

b1
j1=0

a1+d
i2=0

b1+e
j2=0

fi1, j1 − fi1−i3, j1− j3


gi2, j2

 Ba1
i1

(u)Bb1
j1

(v)

· Ba1+d
i2

(u)Bb1+e
j2

(v)


+ max

0≤i3≤h1
0≤ j3≤h2

 a1
i1=0

b1
j1=0

a1+d
i2=0

b1+e
j2=0

fi1−i3, j1− j3


gi2, j2

− gi1−i3+c1, j1− j3+c2

Ba1
i1

(u)Bb1
j1

(v)Ba1+d
i2

(u)Bb1+e
j2

(v)


= G1(u, v) + G2(u, v).

Similar to the deduction of gi, j in Theorem 2, it is found thatfi1, j1 − fi1−i3, j1− j3

 ≤
i3 + j3

 · max
i, j


max

i, j

△1 fi, j
, max

i, j

△2 fi, j


≤

h1 + h2


· max

i, j


max

i, j

△1 fi, j
, max

i, j

△2 fi, j
,

so

G1(u, v) ≤

h1 + h2


max

i, j

gi, j
 · max

i, j


max

i, j

△1 fi, j
, max

i, j

△2 fi, j
. (11)
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By Theorem 2 we have

G2(u, v) ≤ max
i, j

fi, j
 max

i, j


max

i, j

△1 gi, j
, max

i, j

△2 gi, j


·


a1 + b1

2
+

√
2

|d| + |e| + |c1 + c2| + h1 + h2


. (12)

From (11) and (12) it follows that Theorem 3 is true. �

4. The proof of the main result

By Lemma 3 in [17] and Lemma 1, to prove (9) we only need to show that

∂c

∂ub∂vc−b

m+k1
i=0

n+k2
j=0

Bm+k1
i (u)Bn+k2

j (v)Rm+k1,n+k2
i, j

m+k1
i=0

n+k2
j=0

Bm+k1
i (u)

·Bn+k2
j (v)w

m+k1,n+k2
i, j −

m+k1
i=0

n+k2
j=0

Bm+k1
i (u)Bn+k2

j (v)w
m+k1,n+k2
i, j

·Rm+k1,n+k2
i, j


H⇒ 0, k1 → ∞ and k2 → ∞. (13)

The following derivative formula could be obtained by induction:

∂c

∂ub∂vc−b

m+k1
i=0

n+k2
j=0

Bm+k1
i (u)Bn+k2

j (v)w
m+k1,n+k2
i, j Rm+k1,n+k2

i, j



=
(m + k1)!

(m + k1 − b)!

(n + k2)!

(n + k2 − c + b)!

m+k1−b
i=0

n+k2−c+b
j=0

Bm+k1−b
i (u)

· Bn+k2−c+b
j (v) △

c−b
2 △

b
1


w

m+k1,n+k2
i, j Rm+k1,n+k2

i, j


. (14)

Furthermore, the Leibniz formula gives the identity as follows:

∂c(CP)

∂ub∂vc−b =

b
i=0

i+c−b
j=i

b
i

c − b
j − i

 ∂ j C
∂ui∂v j−i

∂c− j P
∂ub−i∂vc−b− j+i . (15)

Thus, substituting (14) and (15) into (13) and together with the Lemma 1 in [17], we know that
to prove (13) it is enough to show that: when k1 → ∞ and k2 → ∞,

b
s=0

b
s


As,k1,k2(u, v)

=

b
s=0

b
s

s+c−b
t=s

c − b
t − s

 (m + k1)!

(m + k1 − b + s)!

(n + k2)!

(n + k2 − c + b + t − s)!

·
(m + k1)!

(m + k1 − s)!

(n + k2)!

(n + k2 − t + s)!

m+k1−b+s
i1=0

n+k2−c+b+t−s
j1=0

Bm+k1−b+s
i1

(u)
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· Bn+k2−c+b+t−s
j1

(v) △
c−b−t+s
2 △

b−s
1 Rm+k1,n+k2

i1, j1

m+k1−s
i2=0

n+k2−t+s
j2=0

Bm+k1−s
i2

(u)

· Bn+k2−t+s
j2

(v) △
t−s
2 △

s
1 w

m+k1,n+k2
i2, j2

−
(m + k1)!

(m + k1 − b)!

(n + k2)!

(n + k2 − c + b)!

·

m+k1−b
i=0

n+k2−c+b
j=0

Bm+k1−b
i (u)Bn+k2−c+b

j (v)

c−b
t=0

c − b
t


·

△

c−b−t
2 △

b−s
1 Rm+k1,n+k2

i, j


△

t
2 △

s
1 w

m+k1,n+k2
i+b−s, j+c−b−t


⇒ 0.

After rearranging,

As,k1,k2(u, v)

=

c−b
t=0

c − b
t


(m + k1)!

(m + k1 − b + s)!

(n + k2)!

(n + k2 − c + b + t)!

(m + k1)!

(m + k1 − s)!

(n + k2)!

(n + k2 − t)!

−
(m + k1)!

(m + k1 − b)!

(n + k2)!

(n + k2 − c + b)!

 m+k1−b+s
i1=0

n+k2−c+b+t
j1=0

Bm+k1−b+s
i1

(u)

· Bn+k2−c+b+t
j1

(v) · △
c−b−t
2 △

b−s
1 Rm+k1,n+k2

i1, j1

·

m+k1−s
i2=0

n+k2−t
j2=0

Bm+k1−s
i2

(u)Bn+k2−t
j2

(v) △
t
2 △

s
1 w

m+k1,n+k2
i2, j2

+

c−b
t=0

c − b
t

 (m + k1)!

(m + k1 − b)!

(n + k2)!

(n + k2 − c + b)!

m+k1−b+s
i1=0

n+k2−c+b+t
j1=0

Bm+k1−b+s
i1

(u)

· Bn+k2−c+b+t
j1

(v) △
c−b−t
2 △

b−s
1 Rm+k1,n+k2

i1, j1

m+k1−s
i2=0

n+k2−t
j2=0

Bm+k1−s
i2

(u)Bn+k2−t
j2

(v)

· △
t
2 △

s
1 w

m+k1,n+k2
i2, j2

−

m+k1−b
i=0

n+k2−c+b
j=0

Bm+k1−b
i (u)Bn+k2−c+b

j (v)

·

△

c−b−t
2 △

b−s
1 Rm+k1,n+k2

i, j


△

t
2 △

s
1 w

m+k1,n+k2
i+b−s, j+c−b−t


= Bs,k1,k2(u, v) + Cs,k1,k2(u, v).

Now we only need to show that As,k1,k2(u, v)(s = 0, 1, . . . , b) converges uniformly to zero
in the rectangular domain D when k1 → ∞ and k2 → ∞.

Condition A: considering the convergence of Bs,k1,k2(u, v)(s = 0, 1, . . . , b), and seeing
about the polynomial

f (k1, k2) =

c − b
t


(m + k1)!

(m + k1 − b + s)!

(n + k2)!

(n + k2 − c + b + t)!

(m + k1)!

(m + k1 − s)!

·
(n + k2)!

(n + k2 − t)!
−

(m + k1)!

(m + k1 − b)!

(n + k2)!

(n + k2 − c + b)!


.
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(1) f (k1, k2) = 0 when s = 0 and t = 0, so
Bs,k1,k2(u, v)

 = 0.

(2) f (k1, k2) is a polynomial in m + k1 with degree b − 1 when b = c (t = 0), thenBs,k1,k2(u, v)


≤

c−b
t=0

| f (k1, k2)| max
i, j

△c−b−t
2 △

b−s
1 Rm+k1,n+k2

i, j

 max
i, j

△t
2 △

s
1 w

m+k1,n+k2
i, j


= O

 1
m + k1


O

 1
(n + k2)c


, k1 → ∞ and k2 → ∞.

(3) Otherwise, f (k1, k2) is either a polynomial in m +k1 with degree b and n +k2 with degree
c − b − 1, soBs,k1,k2(u, v)


≤

c−b
t=0

| f (k1, k2)| max
i, j

△c−b−t
2 △

b−s
1 Rm+k1,n+k2

i, j

 max
i, j

△t
2 △

s
1 w

m+k1,n+k2
i, j


= O


1

(m + k1)c−b


O


1

(n + k2)b+1


, k1 → ∞ and k2 → ∞.

Or f (k1, k2) is a polynomial in m + k1 with degree b − 1 and n + k2 with degree c − b, soBs,k1,k2(u, v)


≤

c−b
t=0

| f (k1, k2)| max
i, j

△c−b−t
2 △

b−s
1 Rm+k1,n+k2

i, j

 max
i, j

△t
2 △

s
1 w

m+k1,n+k2
i, j


= O


1

(m + k1)c−b+1


O


1

(n + k2)b


, k1 → ∞ and k2 → ∞.

To sum up, we know that Bs,k1,k2(u, v)(s = 0, 1, . . . , b) converges uniformly to zero in the
rectangular domain D when k1 → ∞ and k2 → ∞.

Condition B: considering the convergence of Cs,k1,k2(u, v)(s = 0, 1, . . . , b).

Cs,k1,k2(u, v)
 ≤

c−b
t=0

c − b
t

 (m + k1)!

(m + k1 − b)!

(n + k2)!

(n + k2 − c + b)!
· max

i1, j1,i2, j2

·

m+k1−b+s
i1=0

n+k2−c+b+t
j1=0

Bm+k1−b+s
i1

(u)Bn+k2−c+b+t
j1

(v)

· △
c−b−t
2 △

b−s
1 Rm+k1,n+k2

i1, j1

m+k1−s
i2=0

n+k2−t
j2=0

Bm+k1−s
i2

(u)Bn+k2−t
j2

(v)

· △
t
2 △

s
1w

m+k1,n+k2
i2, j2

−

m+k1−b
i=0

n+k2−c+b
j=0

Bm+k1−b
i (u)Bn+k2−c+b

j (v)

·

△

c−b−t
2 △

b−s
1 Rm+k1,n+k2

i, j


△

t
2 △

s
1 w

m+k1,n+k2
i+b−s, j+c−b−t

.
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Here,

c−b
t=0

c − b
t

 (m + k1)!

(m + k1 − b)!

(n + k2)!

(n + k2 − c + b)!
= 2c−b (m + k1)!

(m + k1 − b)!

(n + k2)!

(n + k2 − c + b)!

is a polynomial in m + k1 with degree b and n + k2 with degree c − b. Then, by combining with
Theorem 3, we have (k1 → ∞ and k2 → ∞)Cs,k1,k2(u, v)


≤ 2c−b (m + k1)!

(m + k1 − b)!

(n + k2)!

(n + k2 − c + b)!
max

i, j


(s + t) max

i, j

△t
2 △

s
1 w

m+k1,n+k2
i, j


· max

i, j


max

i, j

△c−b−t
2 △

b−s+1
1 Rm+k1,n+k2

i, j

 ,
max

i, j

△c−b−t+1
2 △

b−s
1 Rm+k1,n+k2

i, j

 +


m + k1 + n + k2 − c + t + s

2

+
√

2

|b − 2s| + |c − b − 2t | + |c − s − t | + s + t


· max

i, j

△c−b−t
2 △

b−s
1 Rm+k1,n+k2

i, j

 max
i, j


max

i, j

△t
2 △

s+1
1 w

m+k1,n+k2
i, j

 ,
max

i, j

△t+1
2 △

s
1 w

m+k1,n+k2
i, j


= O

 1

(m + k1)c−b+1


O

 1

(n + k2)b+1


O


m + k1 + n + k2

1/2
.

Therefore, Cs,k1,k2(u, v)(s = 0, 1, . . . , b) converges uniformly to zero in the rectangular domain
D when k1 → ∞ and k2 → ∞.

Together with Conditions A and B, it is found that As,k1,k2(u, v)(s = 0, 1, . . . , b) converges
uniformly to zero in the rectangular domain D when k1 → ∞ and k2 → ∞.

5. Conclusions

In this paper, our attention is focused on the proof of the uniform convergence of approxi-
mating tensor-product rational Bézier surfaces using a tensor-product Bézier surface sequence.
From the result we find that the geometric position deviation with some norm metrics, between
the geometric graph sequence {Tk1,k2(u, v)} and the original tensor-product rational Bézier sur-
face S(u, v), could be arbitrarily small when k1 and k2 tend to infinity synchronously.

We only consider the uniform convergence property of the approximating algorithm. In prac-
tice, the convergence rate is also of interest to most users. So, as for our future work, we will
consider the speed of convergence for rational Bézier curves and surfaces as the polynomial
degree increases.
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